We introduce the Hochschild extensions of dg algebras, which are A∞-algebras. We show that all exact Hochschild extensions are symmetric Hochschild extensions, more precisely, every exact Hochschild extension of a finite dimensional complete typical dg algebra is a symmetric A∞-algebra. Moreover, we prove that the Koszul dual of trivial extension is Calabi-Yau completion and the Koszul dual of exact Hochschild extension is deformed Calabi-Yau completion, more precisely, the Koszul dual of the trivial extension of a finite dimensional complete dg algebra is the Calabi-Yau completion of its Koszul dual, and the Koszul dual of an exact Hochschild extension of a finite dimensional complete typical dg algebra is the deformed Calabi-Yau completion of its Koszul dual.
Introduction
Throughout this paper, k is a field and K = k t for a positive integer t. Symmetric algebras introduced by Brauer and Nesbitt [6] is an important class of finite dimensional algebras (see [38, 45] and the references therein). For every finite dimensional algebra A, one can construct its trivial extension T(A) := A ⋉ A ∨ with A ∨ = Hom k (A, k), which is always symmetric [3] . It means that symmetric algebras are as many as finite dimensional algebras. For each Hochschild 2-cocycle α of A with coefficients in A ∨ , one can construct itsalgebras and homologically smooth dg algebras [33, 15] , and the relationship between symmetric dg algebras and Calabi-Yau dg algebras [44, 17, 15] . Moreover, the Hochschild (co)homologies of dg algebras and their Koszul duals are closely related [16, 15] . The higher trivial extensions of algebras have already been studied in the works of Keller [23] , Amiot [2] and L.Y. Guo [14] during introducing generalized cluster categories. Recently, Guo, Grant and Iyama found some connections between higher trivial extensions and higher preprojective algebras of algebras under Koszul duality [13, 12] . Nonetheless, many trivial extensions, more general, Hochschild extensions of dg algebras, have not been studied yet.
In this paper, firstly, we will introduce the Hochschild extension T(A, M, α) of an augmented dg K-algebra A by a dg A-bimodule M satisfying M −2 = 0 and a Hochschild 2-cocycle α : A ⊗2 → M . It is an augmented A ∞ -algebra (Theorem 1). Secondly, we focus on the Hochschild extension T n (A, α) := T(A, A ∨ [−n], α) of a finite dimensional complete typical dg K-algebra A by the shift A ∨ [−n] of the graded dual dg A-bimodule A ∨ of A satisfying A 2−n = 0 and a Hochschild 2-cocycle α :
]. An augmented A ∞ -algebra T is said to be n-symmetric if T ∼ = T ∨ [−n] as A ∞ -T-bimodules. A Hochschild extension T n (A, α) is said to be symmetric if T n (A, α) is a symmetric A ∞ -algebra. In general, a Hochschild extension T n (A, α) might not be symmetric. We will give a cohomological criterion for a Hochschild extension T n (A, α) to be symmetric. A Hochschild extension T n (A, α) is said to be exact if the second Hochschild cohomology class [α] ∈ H 2 (A, A ∨ [−n]) = HH 2−n (A) ∨ is exact, i.e., in the image of the natural map I called augmentation, satisfying associativity µ • (µ ⊗ id A ) = µ • (id A ⊗ µ), unitality µ • (η ⊗ id A ) = id A = µ • (id A ⊗ η), and ε • η = id K . If A is an augmented dg K-algebra then A = K1 A ⊕ A where 1 A = η(1 K ) and A = Kerε called the augmentation ideal of A. We always identify K1 A with K.
A morphism from an augmented dg K-algebra (A, d A , µ A , η A , ε A ) to an augmented dg K-algebra (A ′ , d A ′ , µ A ′ , η A ′ , ε A ′ ) is a K-bimodule complex morphism f : A → A ′ satisfying f • µ A = µ A ′ • (f ⊗ f ), f • η A = η A ′ and ε A ′ • f = ε A . An augmented dg K-algebra A is complete if n∈N A n = 0. Obviously, a finite dimensional augmented dg K-algebra A is complete if and only if its augmentation ideal A is nilpotent, i.e., there is n ∈ N such that A n = 0.
Clearly, a locally finite, bounded above or below, augmented dg K-algebra A is complete if and only if its graded dual A ∨ is a cocomplete coaugmented dg K-coalgebra.
Bar construction. Let A = K ⊕ A be an augmented dg K-algebra and
the tensor graded K-coalgebra, where s is the suspension functor which is also denoted by [1] sometimes. Write [a 1 |a 2 | · · · |a n ] for the homogeneous element
Cobar construction. Let C = K ⊕ C be a cocomplete coaugmented dg Kcoalgebra and
the tensor graded K-algebra. Write c 1 |c 2 | · · · |c n for the homogeneous element
where ∆(c i ) = c i1 ⊗ c i2 . Note that we always omit and brackets in Sweedler's notation ∆(c) = c (1) ⊗c (2) . Then
Here, π : BA → A is the universal twisting morphism, i.e., the composition BA ։ sA
) is a semi-projective resolution of the dg A-bimodule A, i.e., (A ⊗ BA ⊗ A, d) is a semi-projective dg A-bimodule and the compositioñ
is a dg A-bimodule quasi-isomorphism, called the two-sided bar resolution of A.
Typical dg K-algebras. A typical dg K-algebra is a locally finite augmented dg K-algebra A which is either non-negative or non-positive simply connected (i.e., A 0 = K and A −1 = 0). The typicality of a dg K-algebra A ensures that both the bar construction BA and its graded dual (BA) ∨ are locally finite. Furthermore, (BA)
(Co)Augmented A ∞ -(co)algebras
A ∞ -algebras (= strongly homotopy associative algebras= sha algebras) were introduced by Stasheff in 1963 as the algebraic counterpart of his theory of H-spaces [39] . We mainly refer to [9, 22, 28, 31, 18] for some knowledge on A ∞ -(co)algebras. 
An equivalent definition of augmented A ∞ -algebra is given by the data (A, {m n } n∈N , η A , ε A ) satisfying appropriate properties [31] .
A morphism or
Since BA ′ is a coaugmented tensor graded K-coalgebra, the morphism Bf is uniquely determined by its composition with the canonical projection p
A ⊗n → A ′ , and extend it to the map f n :
A ′ ֒→ A ′ and p : A ։ A are the canonical inclusion and projection respectively, and which is given by f 1 | K = id K and f 1 | A = f 1 if n = 1. An equivalent definition of augmented A ∞ -algebra morphism is given by the family of maps {f n } n∈N satisfying appropriate properties [31] .
Note that f 1 is a dg K-bimodule morphism from (A,
The identity morphism is the strict morphism f with f 1 = id.
We always identify K1 C with K. The cobar construction ΩC of C is the augmented dg K-algebra T (s −1 C) with differential d. Since ΩC is a free augmented graded K-algebra, d is uniquely determined by its restriction to s −1 C, which is denoted byd = n∈Nd n whered n :
any n ∈ N, define ∆ n = (−1)
, and extend it to the K-bimodule morphism ∆ n : C → C ⊗n which is the composition of the canonical projection C → C, ∆ n and the injection C ⊗n → C ⊗n if n = 2, and which is given by ∆ 2 (1 C ) = 1 C ⊗ 1 C and ∆ 2 (c) = ∆ 2 (c) + 1 C ⊗c +c ⊗ 1 C for all c ∈ C if n = 2. An equivalent definition of coaugmented A ∞ -coalgebra is given by the data (C, {∆ n } n∈N , ε C , η C ) satisfying appropriate properties [18] .
A morphism or A ∞ -morphism f : C → C ′ between two coaugmented A ∞ -coalgebras C and C ′ is a morphism of augmented dg K-algebras Ωf : ΩC → ΩC ′ . Since ΩC is a free augmented graded K-algebra, the morphism Ωf is uniquely determined by its restriction to s −1 C, which we denote by
where
, and extend to the map f n : C → (C ′ ) ⊗n which is the composition of the canonical projection C → C, f n and the injection C ′ ⊗n → (C ′ ) ⊗n if n ≥ 2, and which is given by
. An equivalent definition of coaugmented A ∞ -coalgebra morphism is given by the family of maps {f n } n∈N satisfying appropriate properties [18] . Note that
Since M is a cofree graded bicomodule, the graded K-bicoderivation d is uniquely determined by its composition with ε BA ⊗ id M ⊗ ε BA , which is denoted byd = p,q∈N0d
and which is given by
A ֒→ A is the canonical inclusion. An equivalent definition of A ∞ -bimodule is given by the data (M, {m p,q } p,q∈N0 ) satisfying appropriate properties.
Let A be an augmented A ∞ -algebra defined by operators {m n : A ⊗n → A} n∈N . Then A itself is an A ∞ -A-bimodule defined by the operators {m p,q :
A morphism of A ∞ -bimodules f : M → N between two A ∞ -bimodules M and N is a morphism of dg BA-bicomodules f : M → N . Since N is a cofree graded bicomodule, f is uniquely determined by its composition with ε BA ⊗ id N ⊗ ε BA , which is written as F = p,q∈N0
An equivalent definition of A ∞ -bimodule morphism is given by the family of maps {f p,q } p,q∈N0 satisfying appropriate properties. An A ∞ -bimodule morphism f is strict if f p,q = 0 for all (p, q) = (0, 0).
Similarly, one can define left (resp. right) A ∞ -modules over an augmented A ∞ -algebra A. They correspond to left (resp. right) dg BA-comodules.
The following result is well-known.
0≤i≤p,0≤j≤q
Sufficiency. Assume that f 0,0 is an isomorphism of dg K-bimodules and g 0,0 : N → M is its inverse. Let G 0,0 = g 0,0 . By the equation
we have
Thus we can construct the family of graded K-bimodules {G p,q } p,q∈N0 inductively. The family {G p,q } p,q∈N0 gives a graded BA-bicomodule morphism g :
Thus g is the inverse of the graded BA-bicomodule morphism f and it is compatible with the differential naturally. Therefore, g is the inverse of the dg BA-bicomodule morphism f .
, where the restriction of µ p,q on
). For this, we need to show that the K-bimodule complex
e., µ 0,0 is a k-module complex, and thus a K-bimodule complex, quasi-isomorphism.
of M is the A ∞ -A-bimodule which is defined by the differential d on the graded BA-bicomodule BA ⊗ sM ⊗ BA uniquely determined by the following commutative diagram: 
Koszul duals. An A-finite A ∞ -algebra A is a locally finite, bounded below or bounded above, augmented A ∞ -algebra A of finite products, i.e., m n = 0 for n ≫ 0, or equivalently, the compositiond :
−− → sA satisfiesd n = 0 for n ≫ 0. An A-finite A ∞ -coalgebra C is a locally finite, bounded above or bounded below, coaugmented A ∞ -coalgebra C of finite coproducts, i.e., ∆ n = 0 for n ≫ 0, or equivalently, the composition
Remark 1. Let A be an augmented A ∞ -algebra. The Koszul dual of A is usually defined to be the augmented dg K-algebra (BA) ∨ (see [32] ). This definition of Koszul dual coincides with ours in many important situations. An augmented A ∞ -algebra A is typical if A is a locally finite augmented A ∞ -algebra which is either non-negative or non-positive simply connected. If A is a typical A ∞ -algebra of finite products then A ∨ is a coaugmented A ∞ -coalgebra and (BA) ∨ ∼ = Ω(A ∨ ).
Hochschild extensions
In this section, we introduce the Hochschild extensions of an augmented dg Kalgebra by a dg bimodule and a Hochschild 2-cocycle. Furthermore, we focus on the Hochschild extensions of an augmented dg K-algebra by a shift of its graded dual dg bimodule and a Hochschild 2-cocycles, and show that exact Hochschild extensions are symmetric Hochschild extensions.
Hochschild (co)homology
Hochschild (co)homology is necessary for studying Hochschild extensions. 
, and the differential of C • (A, M ) is δ = δ 0 +δ 1 where δ 0 is the inner differential given by
and δ 1 is the external differential given by
for all f ∈ C n (A, M ). Here ε i := Hochschild homology of dg K-algebras. Let A be an augmented dg Kalgebra and M a dg A-bimodule. The Hochschild chain complex of A with coefficients in M is 
⊗n , and the differential of
and b 1 is the external differential given by:
where η i := |m| + 1 + An A ∞ -A-bimodule morphism f : M → N induces a dg k-module morphism 
Let A be an augmented A ∞ -algebra. Then we have an A ∞ -bimodule quasiisomorphism µ : A → A. It follows from Lemma 2 that k-module complex morphism
Lemma 3. Let A be an augmented A ∞ -algebra. Then there is a dg k-module isomorphism
Proof. It is clear that Hom
∨ as graded k-modules. We can check that the composition is not only a graded k-module isomorphism but also compatible with differentials, and thus a dg k-module isomorphism. (|a j | + 1) (see [9] ). It satisfies B 2 = 0 and Bb + bB = 0. Therefore, C • (A) is a mixed complex. Let Λ be the dg algebra k[ǫ]/(ǫ 2 ) with |ǫ| = 1 and differential zero. Then C • (A) becomes a dg Λ-module with ǫ acting on C • (A) by the Connes operator B.
The Connes operator B : A⊗ K e BA → A⊗ K e BA can be lifted to an operator
. Moreover, the following diagram is commutative:
Cyclic homology
Cyclic homology is indispensable for studying exact Hochschild extensions.
Cyclic homology. Let A be an augmented dg K-algebra and C • (A) the Hochschild chain complex of A which is a mixed complex with Hochschild boundary operator b of degree −1 and Connes operator B of degree 1. Let u be an indeterminant of degree −2, k [[u] ] the formal series algebra in u which is a pseudo-compact graded algebra [7] , and k((u)) the fraction field of k [[u] ] or equivalently the Laurent series algebra k[u, u Acting the functor
and two rows are short exact sequences, we get the following commutative diagram
with exact rows. By taking homology, we obtain the following result:
Lemma 4. Let A be an augmented dg K-algebra. Then the following diagram
is commutative and with exact rows.
(Almost) Exact Hochschild homology classes. Some special Hochschild homology classes played quite important roles in Calabi-Yau algebra theory [44, 17, 8] . Exact Hochschild cohomology classes. Some special Hochschild cohomology classes will play an important role in symmetric Hochschild extension theory. Let A be an augmented dg K-algebra. Acting the exact functor (−) ∨ = Hom k (−, k) on the Connes' long exact sequence
we get the following long exact sequence:
Hochschild extensions
In the classical case, for an ordinary algebra A, an A-bimodule M and a Hochschild 2-cocycle α : A ⊗ A → M , the Hochschild extension T(A, M, α) of A by M and α is still an ordinary algebra (see for example [29, 1.5.3] ).
In the dg case, for a dg K-algebra A and a dg A-bimodule M , the trivial extension T(A, M ) of A by M , i.e., A ⊕ M with the product given by
is still a dg K-algebra. However, for a Hochschild 2-cocycle α of A with coefficients in M , the Hochschild extension T(A, M, α) of A by M and α is an A ∞ -algebra in general.
Hochschild extensions. Let A be an augmented dg K-algebra, M a dg Abimodule with degree −2 component zero, i.e., M −2 = 0, and α ∈ C
• (A, M ) −2 = Hom K e (BA, M ) −2 a Hochschild cochain of degree −2. To define an augmented A ∞ -algebra structure on A ⊕ M is equivalent to define a graded K-coderivation d on graded K-coalgebra T (sĀ ⊕ sM ) of degree −1 such that d • η T (sĀ⊕sM) = 0 and d 2 = 0, and further equivalent to define a graded K-bimodule morphism
We defined to be the composition T(A, M, α) , and call it the Hochschild extension of A by M and α. Obviously, the natural projection T(A, M, α) ։ A is a strict augmented A ∞ -algebra morphism.
Next, we show that two equivalent Hochschild 2-cocycles define isomorphic Hochschild extensions. Let α, α ′ ∈ C • (A, M ) −2 be two equivalent Hochschild 2-cocycles, i.e., there exists β ∈ C
Indeed, let f β : BT(A, M, α) → BT(A, M, α ′ ) be the coaugmented dg Kcoalgebra morphism uniquely determined by the dg K-bimodule morphism
The condition d(β) = α − α ′ ensures that both f β and g β are coaugmented dg K-coalgebra morphisms. It is not difficult to check that f β and g β are inverse to each other. So far we have proved the following theorem: Theorem 1. Let A be an augmented dg K-algebra, M a dg A-bimodule with degree −2 component zero, i.e., M −2 = 0, and α, α ′ ∈ C • (A, M ) −2 two Hochschild cochains of degree −2. Then T(A, M, α) is an augmented A ∞ -algebra if and only if α is a Hochschild 2-cocycle. Moreover,
Remark 2. In Theorem 1, the assumption M −2 = 0 is necessary. Otherwise, it is possible that
Exact Hochschild extensions. A special kind of Hochschild extensions of augmented dg K-algebras, called symmetric Hochschild extensions [35] , are symmetric A ∞ -algebras.
Remark 3. There are other three closely related concepts: ∞-Poincaré duality structure [40] , A ∞ -cyclic structure [44] and pre-Calabi-Yau algebra [41, 37, 27] .
The following result implies that exact Hochschild extensions, namely, the Hochschild extensions defined by Hochschild 2-cocycles in exact Hochschild cohomology classes, are always symmetric Hochschild extensions.
Theorem 2. Let A be a finite dimensional complete typical dg K-algebra, n ∈ Z satisfying A 2−n = 0, and
Proof. For simplicity, we denote the exact Hochschild extension T n (A, α) by T, which is an augmented A ∞ -algebra by Theorem 1. We need to define an A ∞ -T-bimodule isomorphism between T and T ∨ [−n], or equivalently, a dg BTbicomodule isomorphism between BT ⊗ T ⊗ BT and BT ⊗ T ∨ [−n] ⊗ BT. By Lemma 3, we have dg k-module isomorphisms
We will define a 0-cycle in
we can endow the graded k-module (A ⊗ K e (BA ⊗ A ∨ ⊗ BA)) ∨ with the differential induced from that of the dg k-module Hom (BA) e (BA ⊗ A ∨ ⊗ BA, BA ⊗ A ∨ ⊗ BA). The identity morphism on BA ⊗ A ∨ ⊗ BA corresponds to the 0-cycle
S ij , S ij is a k-basis of e i Ae j for all 1 ≤ i, j ≤ t, and
are the dual bases of I and S respectively. Then we have an (n − 1)-cycle
The canonical projections
, which is a surjective graded k-module morphism. Its dual
is an injective graded k-module morphism. Thus
is of degree n − 1. Let
which is of degree n − 1 as well.
between the Hochschild chain complexes of T and A, and further an injective k-module complex morphism
It is easy to check that
where b T is the differential of the Hochschild chain complex T ⊗ K e BT of T.
∨ is an n-cycle, whereq
∨ is the dual of the k-module complex morphismq :
Keep in mind the following commutative diagram:
is also a boundary. Thus there existsη
A is a surjective quasiisomorphism, it induces a surjection on cycles:
∨ .
Thus there existsη
Indeed, by Lemma 1, it is enough to show that φ 0,0 :
for all a ∈ A. Now we consider the restricted map φ 0,0 :
The following cohomological criterion of symmetric Hochschild extension generalizes [35, Theorem 1] .
is exact, it follows from Theorem 2 that T = T(A, α) is a 0-symmetric A ∞ -algebra. Thus there is a dg BT-bicomodule isomorphism φ :
. Thus φ must be given by a map φ 0,0 : T → T ∨ . The compatibility of φ with differential implies that φ 0,0 is a T-bimodule morphism. Since φ is a bijection, φ 0,0 is a bijection too. Thus φ is a T-bimodule isomorphism. So T is a symmetric algebra.
Koszul duality
In this section, utilizing the relation between the Hochschild homologies of a dg K-algebra and its Koszul dual, we introduce the Koszul dual of a Hochschild cohomology class. Employing the relations between the Hochschild (co)homologies and (negative) cyclic homologies of a dg K-algebra and its Koszul dual, we set up the correspondence between the exact Hochschild cohomology classes of a dg K-algebra and the almost exact Hochschild homology classes of its Koszul dual, which is crucial for studying the Koszul duals of exact Hochschild extensions.
Hochschild (co)homology and Koszul duality
The relations between the Hochschild (co)homologies of a dg K-algebra and its Koszul dual were clarified in [15] . Thanks to Theorem 3, we have the following concept which is crucial for studying the Koszul duals of exact Hochschild extensions. 
Cyclic homology and Koszul duality
Now we clarify the relation between the cyclic homologies of a complete typical dg K-algebra A and its Koszul dual A † . 
Deformed Calabi-Yau completions
In this section, we show that the Koszul dual of trivial extension is CalabiYau completion, and the Koszul dual of exact Hochschild extension is deformed Calabi-Yau completion.
Calabi-Yau dg algebras
Let A be a homologically smooth dg K-algebra and A e = A op ⊗ k A its enveloping dg algebra. Obviously, exact Calabi-Yau dg algebras are almost exact. It is a common feeling that almost exact Calabi-Yau dg algebra should be the "correct" definition of Calabi-Yau dg algebra (see [8, Page 1264] ). 
